l Introduction* Let / be a real-valued convex function <yi the interval (α, 6) where a ^ o: it is stated in [1; p. I. 51, Exercise 7] , and is indeed elementary to prove, that the function F(x) = f(x) -xfuix) is decreasing on (α, 6), fή denoting the right derivative of /. F(x) is none other than the "ordinate at the origin" of the right tangent line to the graph of / at the point (x, f(x) ). Besides proving the converse of this proposition in this paper we shall extend the result to nth order convex functions, the role of the tangent line being played by the osculating parabola of order n. The result we present provides a meaningful geometric characterization of such a class of functions (Theorem 2.1 below).
The notion of higher-order convexity is classical: its systematic study essentially began with a paper by Popoviciu [4] and was continued in many other works by the same author. The entire theory is surveyed in his monograph [5] . Other properties can be found in books [2; Chp. 4 §3 and Chp. 3 §2] and [3; Chp. XI] in the context of generalized convex functions.
Many characterizations of nth order convex functions can be obtained from these references; in order to establish our main result we shall only need a few of such characterizations and shall state them here for the sake of convenience. (1) <=> (2). This is explicitly stated for n = 1 in [1; Prop. 8, p. I. 38] and follows for n ^ 2 from the case n = 1 and the above remark.
(1)«(3). This is a particular case of Th. (2) . For n ^ 2 one combines the case n = 1 and the initial remark. If a is a fixed number, the quantity
+ (2.2)
represents the ordinate of the point of intersection between the vertical line x = a and the curve (2.1). We shall prove the following result which stresses the connection between the convexity character of a function / and the monotonicity character of the associated function F.
be an open interval distinct from the whole of R, n an integer (n ;> 1) and a an arbitrarily fixed number outside (α, 6) . Let f e C n~\ a f b) and suppose that f {n~is> is absolutely continuous on every compact subinterval of (a, b) and that it has a right derivative /i w) which is right-continuous on (a, 6) . Then the following are equivalent properties:
Proof. If / is assumed to be (n + 1) times differentiable on (a, b) the assertion follows trivially from Th. 1.1 and the identity
For the general case we shall present two entirely different proofs: the first uses arguments from classical analysis (some integration formulas and the second mean value theorem of integral calculus) while the second, briefer than the first, is based on distribution theory and patterned after the above-mentioned trivial proof. and F and we shall in fact prove a kind of mean value formula, namely that for each couple of points
We shall show that (2.4) holds when any one of the two functions fίt n) and F is supposed to be monotonic: the assertion of Th. 2.1 will then follow immediately from (2.5) and Th. Applying the second mean value theorem of the integral calculus to the integral at the righthand side of (2.7) we obtain for a suitable ζ 6 (x u x 2 ): (2.4) . Notice that when w = 1 an elementary proof, which does not invoke the second mean value theorem, is derived by substituting the classical inequality f(x^) ^> f(x 2 ) + fk(x 2 )(Xi -a? 2 ) i n the explicit expression of the difference i* 7^) --P(ίc 2 ). But the same kind of argument does not work for n ^ 2.
Suppose now that F is monotonic; we will express / in terms of F. The starting point is the following identity 
As F is right-continuous we derive from (2.9)
If now x lf x 2 are arbitrary points in (α, 6), α^ < ίc 2 , we have
Since F is monotonic we may appeal to the second mean value theorem in estimating the integral in (2.11) and we find that the righthand side of (2.11) equals
that is (2.4). The proof is then complete.
Second proof. The reader is now supposed familiar with the definitions and results in [6; Chps. I and II] or in [7; Ghps. 21 and 24] ; from now on equalities and inequalities are to be understood in the sense of distributions. We shall prove two preliminary lemmas. It is known-[6; Chp. I, p. 54]-that a distribution on (α, b) is an increasing function iff its derivative is a positive distribution on (α, 6); the next lemma is analogous, in the framework of distribution theory, to the elementary characterization of strict monotonicity of differentible functions. on (a, β) , i.e., the restriction of DT to (α, α) is the zero distribution; hence T, as a primitive of DΓ on (a, β) , is a constant function thereon which contradicts the assumption. Vice versa if DT is a positive distribution on (α, 6) then T is an increasing function, say /, on (α, 6). If we now suppose that / is not strictly increasing then it is constant on some nonvoid open interval (α, β) c (α, 6). Let now φ be a test function, φeC™ (a, b) , such that supp0c(α, β). We have Turning back to the proof of our theorem we see that our assumptions on / ensure that f [n \x) = f^(x) almost everywhere on (a, b) and, since / (n~1) is absolutely continuous, we may appeal to Th. Ill in [6; p. 54] and infer from (2.2) that (2.13) DF = (α
LEMMA A. If T e £3?\a, b) then T is a strictly increasing function on (a, b) iff its derivative DT is a positive distribution on (α, b) and (α, b)\sn^DT has no interior points.

Proof of Lemma
χ Ϋ n\
From (2.13) and Lemma B we infer that the following equivalences hold on (α, b) (to fix ideas let a ^ b):
increasing.
For strict monotonicity we must also take into account Lemma A and that suppiλF = supp [(α -x) n Df^n ) ]. The second proof is so complete by appealing to Th. 1.1. 2. There is no analogous result if a < a < b: indeed if / is convex of order n then F is increasing on (a, a] while ( -ΐ)*F is increasing on [α, 6) ; but generally speaking the converse is not true because a function which is convex on two adjacent intervals is not necessarily convex on their union. Hence we cannot give a characterization analogous to that of Th. 2.1 for functions convex on 3. Formula (2.9) can be used to give a characterization of nth order convex functions via an integral representation. For example we have the following , c n such that
Obviously the function F agrees with the function F given by (2.2) except possibly on a denumerable set. Formula (3.1) parallels the standard characterization through the relation
with a suitable increasing φ, namely φ = fh n) . 4. In a further paper we shall highlight the meaning and usefulness of F (viewed as an operator in /) in studying the asymptotic behavior of / with application to asymptotic expansions. The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
Mathematical papers intended for publication in the Pacific Journal of Mathematics should be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Please do not use built up fractions in the text of the manuscript. However, you may use them in the displayed equations. Underline Greek letters in red, German in green, and script in blue. The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. Please propose a heading for the odd numbered pages of less than 35 characters. Manuscripts, in triplicate, may be sent to any one of the editors. Please classify according to the scheme of Math. Reviews, Index to Vol. 39. Supply name and address of author to whom proofs should be sent. All other communications should be addressed to the managing editor, or Elaine Barth, University of California, Los Angeles, California, 90024. 50 reprints to each author are provided free for each article, only if page charges have been substantially paid. Additional copies may be obtained at cost in multiples of 50.
The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular subscription rate: $102.00 a year (6 Vols., 12 issues). Special rate: $51.00 a year to individual members of supporting institutions.
Subscriptions, orders for numbers issued in the last three calendar years, and changes of address shoud be sent to Pacific Journal of Mathematics, P.O. Box 969, Carmel Valley, CA 93924, U.S.A.
